One bright Sunday morning I went to church, And there I met a man named Lerch. We both did sing in jubilation, where c=Res>l if x is an integer, and cr>0 otherwise. Note that 9?(0, a, s)=£,(s, a), the Hurwitz zeta-function. Furthermore, if a=\, 9?(0, 1,j)=£(s), the Riemann zeta-function.
In 1887, Lerch [1] derived the following functional equation for (p(x, a, s).
Theorem.
Let 0<x< 1. Then q>(x, a, s) has an analytic continuation to the entire complex plane and is an entire function ofs. Furthermore, for all s,
Lerch's proof [1] of (1) depends upon the evaluation of a certain loop integral. Our objective here is to give two simple, new proofs of (l). The first proof uses contour integration; the second employs the EulerMaclaurin summation formula. By slight variations of our methods, one can derive the corresponding result, namely Hurwitz's formula, for tp(0,a,s)-l(s,a). If we make the substitutions u=2ny and b=x-¿ and replace s by l-s, the above becomes, for s> 1,
du. We must justify the inversion in order of summation and integration. Since the Fourier series in (7) is boundedly convergent, the inversion is justified if we integrate over (0, b), where b is any finite number [2, p. 41].
We need then only show that, for 0<o"< 1,
Upon an integration by parts, r U s exp[2triu(x -n)] du = 0(b~"/n) Using (10) again, we have, for 0<o-<l,
Hence, substituting (11) and (12) into (6), we obtain, for 0<o-<l,
We next observe that the infinite series on the right side of (13) converges absolutely and uniformly on any compact subset of the strip -l<cr< 1. By Dirichlet's test, the integrals on the right side of (13) converge uniformly on any compact subset of the strip -l<o-<l. Hence, by analytic continuation, (13) J-a
Observe that the first expression on the right side of (15) corresponds to the term n=0 for the second series on the right side of (15). In the first series replace n by n+1. By an elementary calculation the second expression on the right side of (15) is seen to be 
